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a b s t r a c t
In this paper, Particle Swarm Optimization (PSO) using digital pheromones to coordinate swarms within
n-dimensional design spaces in a parallel computing environment is presented. Digital pheromones are
models simulating real pheromones emitted by insects for communication to indicate suitable food or
nesting location. Particle swarms search the design space with digital pheromones aiding communication
within the swarm during an iteration to improve search efﬁciency. Previous work by the authors demonstrated the capability of digital pheromones within PSO for searching the global optimum with improved
accuracy, efﬁciency and reliability in a single processor computing environment. When multiple swarms
explore and exploit the design space in a parallel computing environment, the solution characteristics
can be further improved. This premise is investigated through deploying swarms on multiple processors
in a distributed memory parallel computing environment. The primary hurdle for the developed algorithm was bandwidth latency due to synchronization across processors, causing the solution duration
due to each swarm to be only as fast as the slowest participating processor. However, it has been
observed that the speedup and parallel efﬁciency improved substantially as the dimensionality of the
problems increased. The development of the method along with results from six test problems is
presented.
Ó 2009 Elsevier Ltd. All rights reserved.

1. Introduction
Heuristic evolutionary search methods such as Genetic Algorithms (GAs) and Simulated Annealing (SA) are capable of exhaustively exploring n-dimensional design spaces to ﬁnd optimal
solutions. Their probabilistic nature provides distinct advantages
over deterministic methods in ﬁnding global optimums, especially
in multi-modal optimization problems. These methods are iterative in nature and traditionally do not require derivative calculations, thus allowing discontinuous design spaces to be explored.
Although heuristic methods cannot mathematically guarantee
decreasing an objective function or locating an optimum, they
are often more reliable than deterministic methods such as a conjugate direction search. However, a downside to heuristic methods
is their computational expense and sometimes implementation
complexity. The recent advancements in processor and communication network technologies have fortunately catered to the growing computational demands through increased availability of low
cost computing power and system memory. Multi-processor communication tools such as MPI [1], and PVM [2] are readily available
for use on these hardware for massive parallel computing.
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PSO [3,4] is a zero-order, population based heuristic method
retaining many characteristics of evolutionary search algorithms.
Compared to GAs and SA, it is simpler to implement and there
are a smaller number of parameters to adjust [5,6]. PSO has been
recently added to the list of global search methods [7,8] due to
its reliability in ﬁnding the global optimum for a wide range of
problems. In PSO, a randomly generated particle swarm (a collection of particles) propagates towards a global optimum in a series
of iterations, based on the information provided by two members –
the best position of a swarm member in its history trail (pBest), and
the best position attained by all swarm members (gBest). Based on
this information, a basic PSO generates a velocity vector indicating
the direction of the swarm movement, and updates the location of
the particles. The ﬁrst drawback of this method is that the particle
updates are inﬂuenced by a limited number of factors. At any instance, each swarm member is directed only by two candidates –
pBest and gBest. Having just these two candidates potentially impedes the desirable exploratory characteristics. In an n-dimensional design space, information from these two candidates alone
will not always sufﬁce to propagate the swarm towards the global
optimum efﬁciently. A second drawback is that the method is initial condition dependent. Poor locations speciﬁed by pBest and
gBest in the initial stages of optimization can potentially offset
the swarm from efﬁciently or accurately attaining the neighborhood of the solution in the design space [9]. This results in the
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swarm either being trapped in a local minimum or taking excessive
amount of time to converge on the global optimum.
Previous work by the authors [10] addressed the above drawbacks through implementing digital pheromones in PSO. The work
demonstrated substantial performance improvements of PSO in
terms of efﬁciency, accuracy and reliability in locating the global
optimum in multi-modal design spaces on a single processor workstation. However, when multiple swarms are deployed in an ndimensional design space, it is theorized that the search efﬁciency
can further be improved. This can be achieved through leveraging
parallel computing environments where multiple swarms search
the design space as a function of the available number of processors. A method to test this theory has been implemented into software and tested on a number of multi-modal benchmarking test
cases. Background on the method, the method development, and
results are all presented in this paper.

2. Background
2.1. Parallelization
The primary requirement for parallelization is the ability of
the method to decompose into segments for multi-processor
operation. In addition, the two highly desirable characteristics
for parallelization are: (a) scalability – the ability to adapt to
any number of processors with no/minimal changes and (b) processor load balancing – use of the available number of processors
to the full extent without any processor substantially running
idle. Population based optimization methods such as GA and
PSO are a natural ﬁt for parallelization because the method
parameters do not limit the number of processors that can be
used for solving the problem.
Parallelization can be synchronous or asynchronous. Synchronous parallelization facilitates a step wise parallel execution of
tasks. Coarse decomposition schemes are examples of synchronous
parallelization where, for instance, each processor has its own
swarm exploring the design space. Solutions obtained from different processors are synchronized and gathered on a common processor (usually, the root processor) to evaluate the ﬁnal global
optimum. The synchronization is achieved through the use of a
barrier function in Message Passing Interface (MPI), the most commonly used interface for parallel programming. Asynchronous parallelization is the dividing of a sequential algorithm into
autonomous tasks each of which can be carried out on different
processors. Dependencies among the tasks are modeled by message passing or through shared memory [11], depending upon
the hardware conﬁguration.
2.2. Particle Swarm Optimization
PSO is a population based zero-order optimization method that
exhibits several evolutionary characteristics similar to GAs and SA.
These are: (1) initialization with a population of random solutions,
(2) design space search for an optimum through updating generations of design points, and (3) update based on previous generations [12].
PSO is based on a simpliﬁed model of the social behavior exhibited by the swarming behavior of insects, birds, and ﬁsh. In this
analogy, a swarm member (particle) uses information from its past
behavior (best previous location – pBest) and the behavior of the
rest of the swarm (the overall best particle – gBest) to determine
suitable food or nesting locations (local and global optimums).
The algorithm iteratively updates the search direction of the
swarm propagating towards the optimum. Eqs. (1) and (2) deﬁne
the mathematical simulation of this behavior:

iterþ1

V iterþ1;i ½ ¼ witer  V iter;i ½ þ c1  randp;i
þ c2 

iterþ1
randg;i ðÞ

ðÞ  ðpBesti ½  X i ½Þ

 ðgBesti ½  X i ½Þ

ð1Þ

X iterþ1;i ½ ¼ X iter;i ½ þ V iterþ1;i ½

ð2Þ

witerþ1 ¼ witer  kw

ð3Þ

Eq. (1) represents the velocity vector update, representing the
direction and magnitude of ith swarm member in a basic PSO in
iteration ‘iter’. Each successive iteration is represented by ‘iter + 1’.
The square braces in Eqs. (1) and (2) indicate an array meaning that
the corresponding value (e.g., pBest) is computed for each design
iterþ1
iterþ1
variable. randp;i ðÞ and randg;i ðÞ are unique random numbers
generated between 0 and 1 for pBest and gBest components separately for each swarm member in each iteration. The parentheses
in randp( ) and randg( ) indicate that they are random number generating functions within the computer code. This ensures swarm
diversity, meaning that the search is not linear in an n-dimensional
space. More about swarm diversity can be obtained from [13]. c1
and c2 are user deﬁnable conﬁdence parameters. Typically, these
are set to values of 2.0. ‘pBest’ represents the best position of the
particle in its history trail, and ‘gBest’ represents the best particle
location in the entire swarm. witer is termed ‘‘inertia” weight, and
is used to control the impact of a particle’s previous velocity on
the calculation of the current velocity vector. A large value for witer
facilitates global exploration, which is particularly useful in the initial stages of an optimization. A small value allows for more localized searching, which is useful as the swarm moves toward the
neighborhood of the optimum [14,15]. These characteristics are
attributed to the swarm by implementing a decay factor, kw for
the inertia weight, as shown in Eq. (3). Eq. (2) denotes the updated
swarm location in the design space.
Ever since the inception of PSO in 1995, a signiﬁcant number of
modiﬁcations have been made to the basic algorithm for realizing
performance improvements. Natsuki and Iba [16], and Hu et al.
[17] have explored the possibilities of performance improvement
through introducing mutation factors in PSO, similar to the ones
used in GAs. Various methods for constraint handling using PSO
have been addressed. Venter and Sobieszczanski-Sobieski [18]
implemented a quadratic exterior penalty function method to
solve non-linear constrained optimization problems. Hu and Eberhart [19] modiﬁed the basic PSO method so that the swarm is
repeatedly initialized until all constraints are satisﬁed while also
forcing pBest and gBest to be feasible in every iteration. Sedlaczek
and Eberhard [20] implemented the Augmented Lagrangian Method for solving constrained non-linear optimization problems. Ray
and Saini [21] developed a method to improve swarm movement
within the design space through information sharing between
individual particle members. They have successfully implemented
this strategy in solving both unconstrained and constrained problems as well. A preliminary implementation of digital pheromones
for use by PSO has been addressed by the authors to improve design space exploration in single and parallel computing environments [22,23]. Other parallel implementations of PSO include a
coarse grain synchronous parallelization scheme by Schutte et al.
[24], where ﬁtness evaluations are concurrently performed on different processors and the particle positions are updated after synchronizing results from the participating processors at the end of
each iteration. Koh et al. [25] and Venter and Sobieski [26] implemented an asynchronous parallelization of PSO where the necessity for a barrier synchronization at the end of each iteration is
eliminated. This approach improved the parallel speedup and efﬁciency while also maintaining load balance between processors.
PSO was used and modiﬁed for solving multi-objective problems
as well [27,28]. Gao et al. have obtained improvements in PSO,
through the use of a virus operator that propagates partial genetic
information in the swarm by infection operators for enhanced de-
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sign space search [29]. Some of the recent advancements include
solving traveling salesman problems using discrete PSO methods
[30–33]. Penalty function approaches have been used to solve mixed
discrete non-linear problems using PSO [34]. Discrete PSO methods
have been known to solve constrained optimization problems as
well, and Yang et al. have demonstrated it through converting constraint satisfaction problems into discrete optimization problems
[35]. Other areas include developments in the areas of solving integer programming [36] and continuous variable problems [37]. Parsopoulos and Vrahatis have demonstrated the use of PSO for
solving a wide range of problems including multi-objective, minimax, integer programming problems [38]. The same authors have
developed methods to compute all global minimizers of an objective
function using PSO [39]. Similarly, He et al. presented methods to
solve various mechanical design problems that tackled mixed variable types – integer, discrete, and continuous variables [40]. A ‘ﬂyback’ constraint handling mechanism was also introduced in this research to maintain a feasible population. A substantial amount of
success has been achieved in utilizing PSO for applications such as
aircraft design [41,42], topology and shape optimization [5,43],
structural optimization [44,45], wireless network routing problems
[46], optimization in manufacturing and production operations
[47,48], collision detection problems [49], and detection of optimal
paths for unmanned aerial vehicles (UAVs) [50,51] to name a few.
2.3. Digital pheromones
Pheromones are chemical scents produced by insects essentially as a means of communication in ﬁnding suitable food and
nesting locations. The more insects that travel a path, the stronger
the pheromone trail. A digital pheromone works on the same principle and is analogous to a natural pheromone in that it is a marker
to determine whether or not a region in the design space is promising for further investigation. Digital pheromones have been used
in applications such as the automatic adaptive swarm management of unmanned aerial vehicles (UAVs) [52,53]. In this research,
the implementation of digital pheromones allowed simulated
swarms of UAVs to automatically adapt and navigate in potentially
hazardous environments, dramatically reducing the requirement
of human operators at the ground control stations. Other applications of digital pheromones include ant colony optimization for
solving minimum cost paths in graphs [54–56], and solving network communication problems [57].

Design Space

Particle

gBest

Resultant
Direction

pBest

Global Minimum
X

Fig. 1. Particle movements in a basic PSO.

pBest nor gBest leads the swarm member to the global optimum.
If the swarm member does locate the global optimum, it will take
additional computation that could have been avoided if communication amongst swarm member during an iteration was occurring.
Fig. 2 shows the effect of implementing digital pheromones into
the velocity vector. An additional pheromone component causes
the swarm member to result in a direction different from the combined inﬂuence of pBest and gBest thereby increasing the probability of ﬁnding the global optimum.
The research presented in this paper develops and implements
this idea by exploring the beneﬁts of an additional component into
the velocity vector for achieving improved solution characteristics
in PSO, in a parallel computing architecture. The remaining sections of this paper focus on the method development, implementation into software, and then evaluation through several test cases.
3. Methodology
3.1. Overview of PSO with digital pheromones
Fig. 3 is an overview of PSO with steps involving digital pheromones highlighted. The method initialization is similar to a basic

2.4. PSO and digital pheromones
The concept of digital pheromones is relatively new [58], and
has not been explored to its full potential for investigating ndimensional design spaces. The beneﬁts of digital pheromones
from swarm intelligence and the adaptive applications described
above can be merged into PSO to improve design space exploration, particularly for a multi-modal optimization problem where
swarm communication is essential to locating the global optimum.
In a basic PSO algorithm, the swarm movement is governed by the
velocity vector computed in Eq. (1). Each swarm member uses
information from its previous best and the best member in the entire swarm at any iteration. However, multiple pheromones released by the swarm members could provide more information
on promising locations within the design space when the information obtained from pBest and gBest are insufﬁcient or inefﬁcient.
Fig. 1 displays a scenario of a swarm member’s movement whose
direction is guided by pBest and gBest alone.
If c1  c2, (coefﬁcients appearing in Eq. (1)) the particle is attracted primarily towards its personal best position. On the other
hand, if c2  c1, the particle is strongly attracted to the gBest position. In the scenario presented in Fig. 1, a bias towards neither

Design Space

Particle
Target Pheromone

gBest

pBest

Resultant
Direction
Global Minimum
X

Fig. 2. Particle movement with digital pheromone.
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PSO except that 50% of the swarm within the design space is randomly selected to release pheromones in the ﬁrst iteration. This
parameter is user-deﬁned, but experimentation has shown 50%
to be a good default value. For subsequent iterations, each swarm
member that realizes any improvement in the actual objective
function value is allowed to release a pheromone. Pheromones
from the current as well as the past iterations that are close to each
other in terms of the design variable value are merged into a new
pheromone location. Therefore, a pheromone pattern across the
design space is created, while keeping the number of pheromones
manageable. In addition, the digital pheromones are decayed every
iteration just as natural pheromones. Based on the current pheromone level and its position relative to a particle, a ranking process
is used to select a target pheromone for each particle in the swarm.
This target position towards which a particle will be attracted is
added as an additional velocity vector component to pBest and
gBest. This procedure is continued until a prescribed convergence
criterion is satisﬁed.
3.2. Merging of digital pheromones
In order to populate the design space with an initial set of digital pheromones, 50% of the population is randomly selected to release pheromones, regardless of the objective function value. This
is done so as to ensure a good spread of the swarm for exploring
the design space in the initial stages of the optimization process.
For subsequent iterations, the objective function value for each
particle in the population is evaluated and only particles ﬁnding
an improvement in the actual objective function value will release
a pheromone. Any newly released pheromone is assigned a level P,

Populate particle swarm with random initial values
Start
Evaluate fitness value of each swarm member

Decay digital pheromones in the design space (if any)

No
Improved particles release pheromones

3.3. Proximity analysis to determine target pheromone
With numerous digital pheromones generated within the design space, a target pheromone needs to be identiﬁed for each
swarm member. This is based on: (a) the distance between a particle and pheromone, and (b) the pheromone level. For each particle, a target pheromone attraction factor P0 is computed to this
effect, which is a product of the pheromone level and the normalized distance between the particle and the pheromone. Eq. (4)
shows how the attraction factor P’ is computed, and Eq. (5) computes the distance between the pheromone and each particle in
the swarm. The variable rangek is the difference in the upper and
lower limits of kth design variable:

P0 ¼ ð1  dÞP

Store pBest and gBest

1st iteration?

with a value of 1.0. The pheromone levels are normalized between
0.0 and 1.0. Just as natural pheromones produced by insects decay
in time, a user deﬁned decay rate, kP (defaulting to 0.95), is assigned to the pheromones released by the particle swarm. Digital
pheromones are decayed as the iterations progress forward to allow a swarm member to propagate toward a better design point
by increasing the chances of attraction to a newer pheromone location with a better objective function value.
As iterations progress, the number of pheromones in the design
space can become very large. To address this issue, pheromones
that are closely packed within a small region of the design space
are merged together. To check for merging, each pheromone is assigned a ‘Radius of Inﬂuence’ (ROI). The value of this ROI is a function of the pheromone level and the bounds of the design variables.
Any two pheromones for a design variable less than the sum of the
ROIs are merged into one. A resultant pheromone level, whose
location is the mid-point of the two merged pheromones, is then
computed for the merged pheromones. Through this approach, regions of the design space with stronger resultant pheromone levels
will attract more particles and therefore, pheromones that are closely packed would indicate a high chance of optimality.
Also similar to the pheromone level decay, the ROI also has its
own decay factor, kROI, whose value is set equal to kP as a default.
This is to ensure that both the pheromone levels and the radius
of inﬂuence decay at the same rate.

Yes Randomly
chosen 50%
of swarm
release
pheromones

Merge pheromones based on relative distance between each
Find target pheromone toward which the swarm moves

ð4Þ

vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u k 
uX Xp  X k 2
k
d¼t
rangek
1
Xp ¼ location of pheromone
X ¼ location of particle
3.4. Velocity vector update
The velocity vector update, shown in Eq. (6) implements digital
pheromones described in the methodology Sections 3.1 and 3.2 as
a new component, called the target pheromone component:

V iterþ1 ½ ¼ witer  V iter;i ½
iterþ1

ðÞ  ðpBesti ½  X i ½Þ

iterþ1

ðÞ  ðgBesti ½  X i ½Þ

þ c1  randp;i

Update velocity vector and position of the swarm

þ c2  randg;i

iterþ1

þ c3  randT;i

No

Converged?

Yes

Fig. 3. Flowchart of PSO with digital pheromones.

iterþ1

STOP!

ð5Þ

k ¼ 1 : n # of design variables

iterþ1

ð6Þ

 ðTargetPheromonei ½  X i ½Þ
iterþ1

randp;i ðÞ; randg;i ðÞ, and randT;i ðÞ are unique random numbers generated between 0 and 1 for pBest, gBest and target pheromone components separately for each swarm member in each
iteration. The parentheses in randp( ), randg( ), and randT( ) indicate
that they are random number generating functions within the
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computer code. These values are updated in each iteration within
the velocity vector equation, resulting in improved swarm diversity. The square braces in Eq. (6) indicate an array meaning that
the corresponding value (e.g., TargetPheromone) is computed for
all design variables.
c3 is a user deﬁned conﬁdence parameter for the pheromone
component of the velocity vector similar to c1 and c2 in a basic
PSO. c3 combines the knowledge from the cognitive and social
components of the velocity of a particle, and complements their
deﬁciencies. In a basic PSO, the particle swarm does not have a
memory of the entire path traversed in the design space apart
from the best position of an individual particle (pBest) and the
best member’s position in the entire swarm (gBest). The target
pheromone component addresses this issue. It is a container that
functionally stores the trail path of the swarm and utilizes the
best features of pBest and gBest in steering towards a promising
location in the design space. The conﬁdence parameter c3 determines the extent of inﬂuence a target pheromone can have on
the swarm when the information from pBest and gBest alone are
not sufﬁcient or efﬁcient to determine a particle’s next move.
The use of the target pheromone relies heavily on pBest and gBest.
If c3 = 0, there is no inﬂuence of pheromones and the swarm behaves as if in a regular PSO. If either of c1 or c2 is 0 and c3 > 0,
then the target pheromone location is essentially determined only
by the non-zero component of pBest or gBest and propagated into
the velocity vector. This creates a bias thereby doubling the inﬂuence of non-zero pBest or gBest components on the swarm. This
means that the swarm either explores or exploits the design
space with double the intensity, either of which will prevent
the swarm from converging. It is therefore essential that the
inﬂuence of pBest and gBest be balanced (i.e. equal) for the pheromone component to provide accurate assistance in reaching the
optimum. The addition of this pheromone component to PSO increases the swarm’s diversity, resulting in an improved search in
the design space. However, improvement in diversity most certainly lacks frame invariance [59]. This paper focuses on increasing the diversity in the swarm using digital pheromones than
frame invariance.
Although analytical determination of a value for c3 is out of the
scope of this research, an empirical value has been determined
through experimentation. A value between 2.0 and 5.0 has shown
good performance characteristics and solved a variety of problems.
An inertia weight, wi of value 1.0 is initially chosen to preserve the
inﬂuence of the velocity vector from previous iterations, and gradually decreased using an inertia weight decay factor similar to the
one used in a basic PSO.
3.5. Move limits
The additional pheromone term in the velocity vector update
can considerably increase the computed velocity. Therefore, a
move limit was applied to impose an upper bound on the maximum value of the velocity vector. To ensure a fair amount of freedom in exploring the design space, the swarm is allowed to digress
up to 10% of the range of the design variables initially. A decay factor of 0.95 is applied to this move limit in subsequent iterations.
This means that the freedom to explore the design space decreases
as the iterations progress forward. The initial 10% value in the
move limit showed good performance characteristics upon in the
test cases used.
3.6. Coarse grain parallelization
3.6.1. Rationale for parallelization
The two major drawbacks of PSO are: (a) the direction of a
swarm member is inﬂuenced by insufﬁcient number of factors –
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pBest and gBest, and (b) a poor location speciﬁed by them in the initial stages potentially offsets the swarm in reaching the global
optimum efﬁciently. It can be speculated that with a higher swarm
size, the chances of locating the optimum increases. On the contrary, the swarm activity due to increased swarm size causes signiﬁcant movement when it approaches the optimum and may
not converge. A potential solution to this problem, which is also
the premise of the research presented in this paper, is to have multiple swarms searching the design space for the optimum. Multiple
independent swarms traversing the design space independently
can garner signiﬁcantly more information on the design space than
a single swarm with a larger population size with increased efﬁciency. The question now remains how this methodology is
implemented.
An equivalence of ‘n’ swarms can be achieved on a computer
workstation by deploying ‘n’ swarms one after another as each
converges. However, the efﬁciency of the method is greatly decreased because it potentially takes at least ‘n’ times the number
of seconds for all swarms to report results. Another approach
would be to deploy ‘n’ independent swarms simultaneously on a
computer workstation through a threaded code. In this approach,
a processor can spawn multiple processes, each handling an independent swarm. However, the processor load increases substantially thereby resulting in degraded performance and increased
time to solve.
Given these circumstances, a logical solution would be is to
parallelize the computations using MPI or PVM communication
layers. These APIs are simple to implement and effectively distribute information between processors thereby easing the computational intensity on a single processor and yet are able to deploy
multiple independent swarms. Where a serial code takes ‘np’ seconds to solve a problem using ‘p’ swarms, an ideally formulated
parallel code would only take ‘n’ seconds when ‘p’ swarms are
delegated each to a processor, dramatically reducing the solution
time. However, parallelization comes at a considerable expense –
network latencies. Communication between processors is currently limited by the available network technologies and every instance of a data transfer between processors is as fast as the
slowest network connection. Therefore, beneﬁts can be reaped
only when the communication between the processors is kept
to a minimum.
3.6.2. Coarse grain parallel implementation
A coarse grain parallelization scheme has thus been devised
that address the above issues and avoids the pitfalls of computational intensity, solution efﬁciency, and network latencies. Fig. 4
shows the schematic of the implementation.
As seen in Fig. 4, each processor has a randomly initialized
swarm propagating on its own. In this approach, each swarm self
propagates towards the optimum with no communication between other swarms. Although it is logical to think that their communication can provide a better investigation of the design space,
the network latency costs for message passing between processors
can dominate the beneﬁts of self driven swarm efﬁciency. Since
communication between processors is kept to a minimum in the
proposed approach, network latency issues do not interfere with
the solution efﬁciency until barrier synchronization takes place.
Upon reaching the optimum on all processors, the results are gathered on a single (root) processor through a one-time communication signal and sorted for the best objective function. The results
are then reported. Since each swarm independently operates on a
processor, the overall solution time is as fast as the slowest processor. It can also be seen in this approach that the scalability of the
method to the available number of processors is inherently addressed. The number of swarms deployed can therefore be as many
as the number of available processors.
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Table 1
Test problem matrix.

Parallel random initialization

Swarm
operations on
Processor 0

Swarm
operations on
Processor 1

Swarm
operations on
Processor p-1

Problem number

Problem

Dimensionality

4.1
4.2
4.3
4.4
4.5
4.6

Dixon and Price function
Ackley’s path function
Levy function
Sum of squares function
Spherical function
Griewank function

15
20
25
30
40
50

Barrier synchronization
eters namely c3, pheromone decay rate and move limit decay rate
as explained in Section 3. In the previous work by the authors, default values have been established for these parameters through a
thorough testing of the method with 128 different pheromone
parameter settings on problems ranging from two dimensions
through 50 dimensions. Parallelization was implemented on the
test cases with all 128 different pheromone parameter settings
on problems ranging from two dimensions through 50 dimensions.
The ﬁndings for the pheromone parameter values that best addressed the test problems were consistent with the values established by the authors in their previous work [10], and hence have
been used as default values for reporting in this paper. Though customization of parameters could potentially improve the solution
characteristics, the following parameter values catered well for
most problems:

Gather results
Sort for best
objective function
Report results
Stop
Fig. 4. Schematic of synchronous coarse grain parallelization.

3.6.3. Parallel performance evaluation
The output from parallelizing an algorithm is typically measured and compared in terms of speedup and parallel efﬁciency.
The speedup deﬁnes how fast a code runs in parallel; it is a ratio
of the amount of time the code spends in communication to the
amount of time it spends on computing. If the time taken to run
a code on one processor is t1 seconds, and the time it takes to
run the same code on ‘p’ processors is tp seconds, then the parallel
speedup is given by Eq. (7):

Speedup ¼

t1
tp

ð7Þ

Parallel efﬁciency is a percentage measure of how well the
available processors are used. In other words, it provides information on how well the load balancing is maintained. Eq. 8 shows the
procedure for calculating parallel efﬁciency:

Parallel Efficiency ¼

Speedup
p

ð8Þ

4. Results
4.1. Overview
The results section is divided into two main categories:
(a) Performance evaluation of PSO with and without digital
pheromones: accuracy, efﬁciency, and reliability of PSO with
digital pheromones are compared against basic PSO in a parallel computing architecture.
(b) Parallel performance: evaluation of the developed method
for adaptability to the parallel computing architecture. This
involves evaluating parallel speedup and efﬁciencies of
PSO with digital pheromones.
Six unconstrained minimization problems of varying dimensionality were used as test cases to study the developed method
as shown in Table 1. The published solution for these problems
are 0.0000 and their full mathematical descriptions for these problems can be found in [60–62].
In addition to the parameters of a basic PSO, the implementation of digital pheromones in PSO required three additional param-

– c3 = 5.0 with no decay,
– pheromone decay = 0.95, and
– move limit decay = 0.95.
The swarm size was deﬁned as 10 times the number of design
variables, and was limited to a maximum of 500 as the dimensionality of the problems increased. A total of 20 trial runs were performed for each test case, with and without digital pheromones.
All test cases were solved on 2, 4, and 8 Intel Xeon processors
(3.06 GHz) of a RedHat Linux cluster that houses 2 GB system
memory per node and high bandwidth Myrinet network switches.
The algorithm was implemented using the C++ programming language and MPI communication libraries (MPICH implementation)
were used for data distribution between processors.
4.2. Performance evaluation of PSO with and without digital
pheromones
Table 2 provides a summary of objective function values obtained from the test runs on 2, 4, and 8 processors. Upon convergence on all participating processors, the root processor gathered
the solution information and sorted for best objective function values. The root processor retained these values and the others were
discarded. Results displayed in Table 2 indicated these sorted values. The table contains three markers that assess the performance
of the developed method – average objective function value, smallest objective function value, and the standard deviation. The smallest objective function is the lowest value obtained in 20 trial runs
for each test problem. The results in the table show that PSO with
digital pheromones (designated with a P) consistently displayed
superior performance when compared with solutions from a basic
PSO (designated with a B).
Since the published solutions for the problems in Table 1 are
0.000, there was no measure to determine the percentage accuracy. Therefore, a tolerance was given and accuracy was measured
based on the number of times the obtained solution was within the
tolerance limits. For example, a tolerance limit of ±0.5 was assigned for a 20 design variable problem. If the solution was within
this tolerance limit 85 times in 100 runs of the problem, the solution accuracy was 85%.
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Table 2
Summary of solutions from solving problems 4.1–4.6.
Objective function (2 processors)

Objective function (4 processors)

Objective function (8 processors)

Average

Smallest

Std. dev.

Average

Smallest

Std. dev.

Average

Smallest

Std. dev.

4.1 (B)
4.1 (P)

14.170
0.211

0.002
0.001

35.015
0.643

34.822
0.098

0.003
0.001

126.622
0.324

3.628
0.441

0.001
0.001

13.676
1.083

4.2 (B)
4.2 (P)

5.456
0.354

2.245
0.002

3.504
0.723

6.181
0.393

1.991
0.004

4.031
0.890

5.946
0.133

1.900
0.002

4.013
0.399

4.3 (B)
4.3 (P)

0.134
0.131

0.131
0.130

0.002
0.001

0.133
0.131

0.130
0.130

0.002
0.001

0.134
0.131

0.131
0.130

0.003
0.001

4.4 (B)
4.4 (P)

3.166
0.228

0.259
0.006

3.212
0.304

1.531
0.236

0.273
0.005

1.070
0.220

2.178
0.174

0.220
0.003

2.313
0.278

4.5 (B)
4.5 (P)

0.035
0.002

0.017
0.001

0.014
0.001

0.036
0.002

0.012
0.001

0.018
0.001

0.031
0.002

0.009
0.001

0.019
0.001

4.6 (B)
4.6 (P)

1.151
0.012

1.067
0.003

0.064
0.009

1.146
0.011

1.051
0.004

0.044
0.006

1.155
0.009

1.061
0.003

0.074
0.005

Legend: 4.1 – Dixon and Price function 15D; 4.2 – Ackley’s path function 20D; 4.3 – Levy function 25D; 4.4 – Sum of squares function 30D; 4.5 – Spherical function 40D; 4.6 –
Griewank function 50D; (B) – results from basic PSO; (P) – results from PSO with digital pheromones implemented.

Fig. 5 shows the solution accuracy charts for the test problems
across different number of processors. As evident from Fig. 5, the
solution accuracy of PSO with digital pheromones was either equal
or superior when compared to basic PSO. For example, in problem
4.2 (Ackley’s 20D), the basic PSO was not able to solve the problem,
whereas the pheromone PSO attained the solution within the speciﬁed tolerance limits 75 out of 100 runs on 2 and 4 processors.
When tested with 8 processors, the accuracy of pheromone PSO increased to 90%.
The published solution for the 15-dimensional Dixon and Price
function (problem 4.1) is 0.000 and the swarm in basic PSO was
unable to locate the optimum on any of 2, 4 or 8 processor runs.
The swarm reached closer to the optimum on the 8 processor cluster (3.628) but was still well out of the tolerance limits. On the
other hand, PSO with digital pheromones solved the problem with
a solution accuracy ranging between 80% and 95%. The standard
deviation of pheromone PSO, as evident from Table 2, was substantially better than basic PSO as well. Also, in all the participating
processors, the average solution time per run was at least 23%
shorter for pheromone PSO than for basic PSO.
Both basic and pheromone PSO were able to solve the 25dimensional Levy function (problem 4.3) within the tolerance limits as evident from the 100% solution accuracy in Fig. 5. Although
the average, smallest and standard deviations between the methods (with and without digital pheromones) were quite close to
each other on results from all processors, there was almost a 50%
decrease in the solution time for pheromone PSO, showing that it
was much more efﬁcient than a basic PSO. Table 3 summarizes
the average solution time and number of iterations for all test cases
across 2, 4, and 8 processors.
The lowest objective function value obtained by the 30-dimensional sum of squares function (problem 4.4) by basic PSO was
0.220. Compared to the published solution of 0.000, this value is
within the tolerance limits. However, the solution accuracy resulting from basic PSO method was only within the range of 5–25%
when tested across 2, 4, and 8 processors. On the other hand, pheromone PSO was able to solve the problem within tolerance 80–95%
of the time. Moreover, the solution time was 20% better than the
basic PSO.
Both basic PSO and pheromone PSO solved the 40-dimensional
spherical function (problem 4.5) within the tolerance limits resulting in 100% accuracy. That means that both basic PSO and pheromone PSO were able to ﬁnd a solution within speciﬁed tolerance
limits in the 20 trial runs. However, it can be observed from Table
2 that the average objective function evaluated by pheromone PSO

Fig. 5. Solution accuracy measure across 2, 4, and 8 processors.
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Table 3
Summary of solution times and number of iterations from solving problems 4.1–4.6.
2 Processors
Avg. # iterations

4 Processors
Avg. duration (s/run)

Avg. # iterations

8 Processors
Avg. duration (s/run)

Avg. # iterations

Avg. duration (s/run)

4.1 (B)
4.1 (P)

162.4
116.9

27.45
20.45

171.9
118.9

30.16
23.17

171.0
113.7

33.29
24.77

4.2 (B)
4.2 (P)

142.8
141.2

18.69
16.68

125.0
137.9

19.65
17.23

139.2
146.9

20.07
17.84

4.3 (B)
4.3 (P)

95.8
40.5

25.68
12.28

97.7
41.2

26.39
12.55

93.9
41.9

27.17
12.98

4.4 (B)
4.4 (P)

211.5
151.2

68.07
53.94

210.1
154.4

69.94
55.83

211.7
149.0

71.67
57.44

4.5 (B)
4.5 (P)

163.4
85.2

70.88
39.80

165.2
83.3

71.98
40.52

160.0
85.1

73.76
41.57

4.6 (B)
4.6 (P)

182.9
159.7

100.31
96.45

180.8
159.6

101.99
96.71

185.3
159.5

104.48
97.65

(0.002) is about 15 times better than the lowest average objective
function returned by basic PSO (0.031). Moreover, the highest solution time for pheromone PSO (41.57 s/run on 8 processor cluster) is
about 43% shorter when compared to that of basic PSO. Results
from all the processors consistently showed a very small variation
in the solution (standard deviation of 0.001), which proves the reliability of pheromone PSO.
A highly multi-modal 50-dimensional Griewank function
(problem 4.6) was also attempted to solve using basic and pheromone PSO. While the basic PSO could not reach the global optimum on any of the 20 trials across 2, 4, and 8 processors,
pheromone PSO was able to obtain a solution within the tolerance limits in all the trials, i.e., with a 100% accuracy. Moreover,
the variation of the results as seen from the standard deviation
values in Table 2, the pheromone PSO is signiﬁcantly consistent
in performance when compared to basic PSO. This also must be
taken into account when considering iterations and solution
times as basic PSO converged prematurely on every single solution run.
In all the test cases, the pheromone PSO displayed superior performance characteristics in terms of accuracy (closeness to published solution), efﬁciency (solution duration), and reliability
(standard deviation) when implemented in a parallel architecture.
It was also observed that ﬁne tuning of pheromone parameters
can potentially improve the solution quality and duration. Since
the digital pheromone parameters are user deﬁned, they can be altered to suit to the type of problem being solved. For example, on
the Ackley’s 20D path function (problem 4.2), the reported average
objective function value for 20 runs on an eight processor execution was 0.133 (Table 3) with c3 = 5.0, pheromone decay = 0.95,
and move limit decay = 0.95. However, when the pheromone
parameters are ﬁne tuned and moved to c3 = 5.0, pheromone decay = 0.9, and move limit decay = 0.95 the average objective function value returned was 0.005. This is a 96% decrease in the
objective function value with a 5% decrease in pheromone decay
factor alone. On the other hand, the average objective function value changes to 1.192 when c3 = 5.0, pheromone decay = 0.9, and
move limit decay = 0.9. This is 800% increase in the average
objective function value when there is a 5% decrease in pheromone
decay and move limit decay together. Although this is a sharp
change in the objective function values with insigniﬁcant change
in pheromone parameters, it suggests that the shape of the objective function could inﬂuence the outcome of the method. This
means that although the default values assigned for pheromone
parameters caters for most problems, improvement in solution
quality through tweaking the parameters can be problem
dependent.

4.3. Parallel performance
The parallel performance characteristics of pheromone PSO can
be measured through speedup and efﬁciency calculations. Ideally,
the parallel speedup should be equal to the number of processors,
and the parallel efﬁciency should be 100%. However, due to communication latencies, these values do not usually reach these ideal
values. Therefore, the measure of parallel performance is based on
how close they are to ideal values. In this section, the parallel performance characteristics were evaluated and presented for pheromone PSO.
Fig. 6 shows the speedup characteristics of pheromone PSO
plotted for all participating processors. The plot was generated
based on the speedup values evaluated for each test problem running on 2, 4, and 8 processors. The x-axis portrays various test
problems with their dimensionality and the y-axis shows the parallel speedup.
The plot shows that the parallel speedup was almost ideal when
two processors were used alone. This means that the network
latencies have a very negligible effect on the two swarms in a parallel architecture. When four swarms were deployed on a four processor system, the speedup did not reach the ideal as quickly as
two processors. However, parallel speedup approached ideal value
of 4.00 as the dimensionality of the problem increased to 40
(spherical function – problem 4.5). With eight swarms simultaneously deployed, a plateau was noticed at a non-ideal speedup
(i.e., 7.00) when the problem dimensionality was between 20 (Ack-

Fig. 6. Parallel speedup characteristics of pheromone PSO.
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Fig. 7. Parallel efﬁciency characteristics of pheromone PSO.

ley’s path – problem 4.2) and 30 (sum of squares – problem 4.4).
The speedup gradually inched up towards ideal (i.e., 8.00) as the
problem dimensionality increased to 50 (Griewank function –
problem 4.6).
It can be inferred from these ﬁndings that latencies due to processor communication dominates the solution efﬁciency in lower
dimensional problems. As the problem dimensionality increases
along with the number of processors, the network latencies are offset and near ideal parallel speedups are attained.
Fig. 7 shows the parallel efﬁciency characteristics of pheromone
PSO across the participating processors.
Parallel efﬁciency provides load balancing information and is
dependent upon the speedup and the number of participating processors. A 100% parallel efﬁciency means that the system is perfectly load balanced. Fig. 7 shows that the parallel efﬁciency
values ranged from 85% through 75% across 2, 4, and 8 processors
for a 15-dimensional Dixon and Price function (problem 4.1). For
this problem, this means that the load balancing worsened when
the number of processors increased from 2 through 8. This trend
more or less continued to the remaining problems as well. However, the decrease in parallel efﬁciency was negligible with higher
dimensional problems (i.e., Griewank 50D). This means that the
load balancing improved considerably as the dimensionality of
the problems increased.
Fig. 8 shows the relation between parallel efﬁciency and the
number of processors in the context of the six test problems. This
ﬁgure is equivalent to Fig. 7, but the relation between parallel efﬁ-
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ciency and number of processors in the context of test cases is better understood.
A pattern of increasing parallel efﬁciency can be observed in
this ﬁgure. The 15-dimensional Dixon and Price function (problem
4.1) has the smallest parallel efﬁciency, while the 50-dimensional
Griewank function (problem 4.6) shows traits of ideal parallelization characteristics. The parallel efﬁciencies for the test problems
gradually increased as the dimensionality increased, which corroborates with the ﬁndings shown in Fig. 7 as well.
A similar speedup and efﬁciency study was also performed on
the basic PSO method with multiple swarms traversing the design
space, and the results concur with the pattern of ﬁndings reported
above. Fig. 9 shows the plots from testing basic PSO.
The pheromone parameter settings used in reporting these results were empirically determined from previous work by the
authors. However, with reﬁned settings, the solution characteristics could be further improved. For example, solving the 40D
sphere problem with the suggested pheromone parameters resulted in an average objective function value of 0.0019 that took
an average of 41.57 s/run on an 8 processor computing environment. However, with tuned parameter settings, the best solution
achieved was 0.0015 that took an average of 29.76 s/run. The altered parameter values showed a 20% improvement in the objective function value along with a 28% improvement in solution
time. The changes in these parameters are problem dependent
and currently do not have mathematical rules to ascertain the most
optimal parameter settings. In spite of additional computations
due to pheromone operations, solution times showed a trend for
decreased solution times. This is attributed to the information provided by the digital pheromones thereby facilitating the swarms in
propagating towards the global optimum faster.
5. Summary, conclusions, and future work
This paper explores the possibility of deploying multiple
swarms in n-dimensional design spaces simultaneously in parallel
computing environments. Six different benchmarking problems
were tested to investigate the feasibility of this approach. Since
this is a coarse grain parallelization, each participating processor
shares the same code. Therefore, the solution accuracy or variation
will not change signiﬁcantly from a serial implementation of the
code. Also, the results proved that the solution accuracy, efﬁciency,
and reliability of the parallel implementation of pheromone PSO is
signiﬁcantly superior to the results from basic PSO.
The parallel performance studies show that almost ideal parallel speedups can be obtained, in spite of network latencies, as the

Fig. 8. Effect of number of processors on parallel efﬁciency.
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Fig. 9. (top) Speedup chart for basic PSO. (bottom) Parallel efﬁciency chart for basic
PSO.

dimensionality and number of processors both increase. It was observed that lower dimensional problems are susceptible to lesser
load balancing as the number of available processors increased.
However, the load balance improved signiﬁcantly as the dimensionality of the problems increased.
Reﬁning the performance of digital pheromones to solve a wide
range of optimization problems is an ongoing venture; one of the
near future goals include testing and validating the robustness of
the developed method on frame invariant rotational test problems,
implementing asynchronous parallelization methods where the
necessity for barrier synchronization can be eliminated altogether
increasing the efﬁciency of the method. Other avenues of future
work include developing mathematical rules for pheromone
parameter settings, methods to solve constrained optimization
problems, and multi-objective problems.
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